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ATSUSHI MORIWAKI 



Introduction 

Let P| = Proj(Z[x, y]), C = {x = 0}, = {y = 0} and z = x/y. For a, b e M >0 , 
we define a Co-Green function g a j, of (PSH nC°°)-type on P 1 (C) and an arithmetic divisor 
D a ,b of (PSHnC°°)-type on P| to be 

c/ a>b := -log|z| 2 + log(a|z| 2 + 6) and D a , b := (C ,g a ,b)- 

In this note, we will observe several properties of D a & and give the exact form of the Zariski 
decomposition of D a ^. The following results indicate us that D a j, has richer structure than 
what we expected. 

Theorem A. Lef : [0,1] -)Rfe a function given by 

¥a,b{x) := (1 — x) log a + x log 6 — x log x — (1 — x) log(l — x) (0 < x < 1), 

and let Q a ^ '■= {x £ [0, 1] | <p a b( x ) — 0}. 77ie?2 the following properties hold for D ab : 

(1) -D a .& is ample if and only if a > 1 arccf 6 > 1. 

(2) -D a) b jj nef if and only ifa>\ and b > 1. 

(3) -D a .& jj £/g if and only if a + b> 1. 

(4) -D ai b jj pseudo-effective if and only ifa + b> 1. 



(0,1) 



Ample 



a,i) 

Big Nef on the boundary 




Pseudo-effective on the boundary 



(1,0) 



Figure 1 . Geography of D a b 



(5) H°(F%, nD a ^) ^ {0} if and only ifnQ a ^ nZ 7^ 0. As consequences, we have the 
following: 
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(5.1) We assume that a + b = 1. For a positive integer n, 

f{0,±z- nb } ifnb£Z, 
1 {0} ifnb Z. 



/« particular, ifb g" Q, ?/j<?« i7°(P|, nD a b ) = {0} for all n > 1. 
(5.2) For a?ry positive integer n, there exist a,b £ R>o swc/z D a ,fc is aw <^ 

F°(Pi,m a , 6 ) = {o} 

/or a// 1 w/f/i 1 < / < n. 

(6) (ff (P^5 a ,^ = Zz~* ifn@ atb n Z / 0. 

(7) (Integral formula) vol(.D a) &) = / <p a ^{x)dx. 

(8) (Zariski decomposition) The Zariski decomposition exists if and only if a + b > 1. 
Moreover, the positive part of D ab is given by (# ai &Co — $a,bCoo,Pa,b)> where 
■d ayb = inf 9 a)6 , 6> ajfe = sup ajb and 



Pa,b( Z ) 



2 ..,,,1^ /6(l-gg, t ) 



a,b 



log|z| 2 + log(a|z| 2 + 6) ifJ'^rr 1 <W< /6M ^ 



a6» a h II V a#, 



ViogN 2 if |*| > 



particular, if a + 6 = 1, f/zerc ?/ze positive part is b(z). 

I would like to express my thanks to Prof. Yuan. The studies of this note started from 
his question. I also thank Dr. Uchida. Without his calculation of the limit of a sequence, I 
could not find the positive part of D^. 

1. Fundamental properties of the characteristic function 

Let P| = Proj(Z[x, y]), C$ = {x = 0}, = {y = 0} and z = x/y. Let us fix 
positive real numbers a and b. We set 

g aib = -log \z\ 2 + log(a\z\ 2 + b) and $ ajb = dd c (\og(a\z\ 2 + b)) 

on P 1 (C). It is easy to see that g a ^ is a Co-Green function of (PSH nC°°)-type and 

a b 

27rv — l(app + b) z 

Note that H°(P|, nC ) = o <i< n ZaT*. According as Q, | ■ \ng a , b , || • |Ug a , t and (•, -) n9a b 
are defined by 

l0|nfl Oli : = M exp(-ny ajb /2), \\(f>\\ n g a>b ■= sup{|0| n9a b (x) I x G P X (C)}, 

and 



^)n 5ail := / (f>ipexp{-n9a,b)$a,b, 
J¥ l (C) 



L(C) 

where <fi,ip £ H°(F 1 (C),nCo). Moreover, we define a function i^ a {, : [0, 1] — >• R to be 
¥>a bO^) = (1 — log a + x log 6 — x log x — (1 — x) log(l — x) (0 < X < 1), 
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which is called the characteristic function of g a ,b- The function ip a ^ play a key role in this 
note. Here note that 

'<Pa,b{ty = logo, 
(p a ,b(l) = log b, 

max{(p a>b (x) | x £ [0,1]} = <p a ,b(b/(a + b)) = log(o + 6). 

Moreover, <p a ^ is strictly increasing on [0, b/(a + b)] and <p a ^ is strictly decreasing on 
[b/(a + b), 1]. Notably the function is very similar to the binary entropy function 

H(x) = —x log 2 x — (1 — x) log 2 (l — x). 

Proposition 1.1. For i, j,n £ Z with < i, j < n, we have the following: 



(1) \\z 
(2) 



-i\\2 



ing a ,b 



exp(-n(p a fi{i/n)). 



ifi + J, 
ifi = j- 



(z , Z ] )ng afi — 

^ (n + l)(")o n - i 6 i 
Proof. (1) By the definition of \z~ l \ nga b , we can see 

log \z~ l \ng a b = (n — i) log |z| 2 - nlog(a|z| 2 + b). 
If we set f(x) = (n — i) \ogx — n\og{ax + b) for x > (/(0) might be — oo), then 

(n — i)6 N 



max{/(x) | x > 0} = / 



za 



= -n(f a ,b(i/n). 



Thus (1) follows. 
(2) First of all, 



(z-\z-i) 



ab 



ng a ,b 



^n—i^n—j 



2 7 rV r Tjpi (a\z\ 2 +b) n + 2 



dz A dz. 



If we set z = r 1//2 exp(A/^Tt), then the above integral is equal to 



L 



r n-(i+j)/2 / /-27T 



2vr 7 (ar + 6) n + 2 



and hence 



{z-\z-t) 



ng a ,b 



J exp((j - i)\f^lt)dtj dr, 



ab [ 
Jo 



oo r (n-i) 



(ar + b) n + 2 



dr if z = j . 



For k,l &Z with < A; < /, we denote 



foo r (l—k) 
ab I TTT-r^dr 



Jo 



by £). It is easy to see that 
1 



1(1,1) 



and I(k, I) 



(ar + b) l + 2 
l-k 



(I + 1)6' 
Thus the proposition follows. 

Next we observe the following lemma: 



a(l + 1 



I(k,l — 1) (0 < k < I). 



□ 
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Lemma 1.2. Let {n{\ ( £L l and {ci}fl l be sequences of integers satisfying the following 
properties: 

(a) < n\ < n 2 < ■ ■ ■ < n\ < n;+i < • • • . 

(b) < a < ni for all I > 1. 

(c) 7 = lim^oo ci/ni exists. 

Let {di} be a sequence of positive real numbers such that Hindoo \og(di)/(ni + 1) = 0. 
Then we have the following: 

(1) If (^^ja ni ~ Cl b Cl > diforalll> 1, then ip a>b (-y) > 0. 

(2) // (^\a ni ~ Cl b Cl < diforalll> 1, then ^(7) < 0. 

Proof. First of all, let us see the following claim: 

Claim 1.2.1. For0<i<n, 

(j+i)/(n+i) /i \ 1 f n \ r i /( n + 1 ) (\ \ 

log --1 )dt< — -log . < / log --1 )dt. 

l/(n+l) \t J n+1 \tj Jo \t J 

Proof. Indeed, if i = 0, then the assertion is obvious. If i > 1, then 

1 , /n N 



n + 1 



* / I 1 \ rr4-1 



k=l \ n+1 

In addition, since log(l/x — 1) is strictly decreasing, 

(fc+i)/(n+i) / 1 \ l/l \ /-fc/Cn+i) /] 



log - - 1 dt < —-log — - 1 < / log - - 1 \dt. 

fc/(n+l) V* / n + ! V^+T / ^(*-l)/(n+l) V* / 

Therefore the claim follows. □ 
Note that 

<Pa,b(x) = (1 - x) log a + x log 6 + ^ log Q - l^j eft. 
Thus the above estimate implies that 

(1.2.2) ip a<b ((i + l)/(n + 1)) - ^i,i(l/(n + 1)) - ^-y log 5 

< ^rlog ( ( n )a n -% i ) < <p a , b (i/(n + 1)) - -L-loga, 
n + 1 V V 2 / / n + 1 

and hence the lemma follows. □ 
Let D a fi be an arithmetic divisor of (PSH nC°°)-type on f\ given by 

D a M = {C ,g a ,b) = (C ,-log|z| 2 + log(a|z| 2 + fe)). 

Moreover, we set 

9 a , 6 = {xG [0,1] I ip a , b {x) >0}. 

Note that if <d a>b / 0, then 

@a,6 = {x G [0, 1] I inf G a)fe < x < sup9 aib }. 
Finally we consider the following proposition: 

Proposition 1.3. Let us fix a positive integer n. Then we have the following: 
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(1) H°(Fl, nD ab ) / {0} if and only ifnO a)b n Z / 0. 



(2) 7/nG a , fe n Z ^ 0, tften (i?°(P|, nl>«,6)>z = © i6n e 0i6 nz 
Proof. Let us begin with the following claim: 

Claim 1.3.1. If<f>e H°(Fl,nD a , b )\{0}, then nQ a ^ n Z / and <p G ien e a 6 nz 

Proof. We set = X^=o c « z_ *> where cq, . . . ,c n G Z. Let /%i = min{z | q / 0} and 
/c 2 = max{i | q / 0}. Then = Efc!<i<fe 2 Ci*"*- Note that ^ G ff Q ( p z, lnD a ,b), so 
that (4> l A l )ing a , b < 1. Moreover, 

fci(<i<fc2( 

and 



(nZ + 1) (^a^-^b^ 1 (nl + 1) (^a^-^b^ 1 



by Proposition ll.il Therefore, 

(nl + 1) f ^ a tU - kll t/ ei1 > 1 and (nl + 1) f a nl - k * l b k * 1 > 1 

for all / > 1, and hence ip a ,b(ki/n) > and ip a ,b(k2 /n) > by Lemma [PI Therefore, 
fci, /%2 £ rc>@a,6 H Z, which yields {i G Z | fci < i < ^2} C n0 aifJ n Z, as required. □ 

Note that ||£~ l ||ng = exp(— ny> 0> &(i/n)) by Proposition 11.11 Thus (1) and (2) follow 
from the above claim. □ 

2. Integral formula and Geography of Z> 0)6 

Let X be a cl-dimensional generically smooth, normal and projective arithmetic variety. 
Let D = (D,g) be an arithmetic R-divisor of C°-type on X. Let $ be an Foo-invariant 

volume form on X(C) with / $ = 1. For cp, ip G ff°(X, D), (cp, ip) g and ||0|| L 2 are 

Jx(c) 

given by 



We set 



ip) g := (pipexp(-g)<5> and ||^|| i2 := cp) g . 

JX(C) v 



H» L2 (X,D) := {<p G F U (X,D) I ||^|| ff)L2 < 1}. 
Let us begin with the following lemma: 

_ bg #H%(X,nD) 
Lemma 2.1. vol(D) = lim L /, 7 , -. 

V ' n^oo n d /dl 

Proof. Since H°(X, n~D) C #° 2 (X, nD), we have 

log#i7° 2 (X,n^) 



vol(D) < liminf ■ 



n d /d\ 
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On the other hand, by using Gromov's inequality (cf. (TJ Proposition 3.1.1]), there is a 

< Cn rf_1 || • ||^2 on H°(X,nD). Thus, for any positive 



I sup 



constant C such that 
number e, || • || sup < exp(ne/2)|| • \\ L 2 holds for n»l. This implies that 

H° L2 (X,nD) CH°(X,n(D + (0,e))) 

for n 3> 1, which yields 

log #H° L2 (X,nD) 



lim sup ■ 



n d /d\ 



<ro\(D + (0,e)). 



Therefore, by virtue of the continuity of vol, we have 

log #H° L2 (X,nD) 



lim sup 

n— too 



n d /d). 



< vol(.D), 



and hence the lemma follows. 



□ 



From now on, we use the same notation as in Section [TJ The purpose of this section is 
to prove the following theorem: 



Theorem 2.2. 



(1) (Integral formula) 
to1(Am>) = 



<p a>b (x)dx. 



(2) D ab is ample if and only if a > 1 and b > 1. 

(3) D ab is nefif and only if a > 1 and b > 1. 

(4) D a b is big if and only if a + b> 1. 

(5) D a! b is pseudo-effective if and only if a + b> 1. 

(6) Ifa + b=l, then 

i{0,±z~ nb } ifnbeZ, 



{0} 



H°(FlnD a>b ) -- 

Proof. First let us see the essential case of (1): 
Claim 2.2.1. Ifa + b>l, then vol(D a ^ b ) 



ifnb ^ 



ip a)b (x)dx 



Proof. In this case, since vol(B ai ;,) > 0, we can find a positive integer no such that n@ a:b n 
Z for all n > n . Let $ n and 6 n be m.m(nQ a b n Z) and max(n0 ab n Z) respectively. 
Then, by Proposition 11.31 




'i Y/ng. 



,<1 cff« 2 (P^n ai6 ), 



vol(D a b ) = lim 
by Lemma [2~T1 We set 



21og#{^€0^ B Zi 



J i Ylng„ b 



< 1 



+1 



t=0r. 



+ l)(")a n - i 6 ? 



< 1 
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Then, by Proposition 11.11 



■ a , h < i } =#(K n nz^-^ +1 ) 



'i 'Ting, 



By Minkowski's theorem, 

log #(K n n > log(vol(K n )) - (6 n - # n + 1) log(2). 

Note that 



log(vol(K n )) =£log L (n + l) " a^b* + log V 6n ^ n+1 



where V r = vol({(x x , . . . , x r ) G M r | ccf H hx r 2 < 1}). Thus 

iog#(^ n nz"" +1 ) 



> X] lQ g ^( n+1 )(") an_i&i ) + bg ^n-*»+l " (*»» " *n + 1) l0g(2). 



On the other hand, since 



Kn - n 



$n<i<e„ 



(n + 1) ( n j a n -*6», W (n + 1) ( ™ ) a n ~ i ¥ 



we have 



lo g #(^ n n: 



) < Yj log ^(n + l)( .) + 1 



Moreover, by Proposition 1.1, for # aj 6 < i < # a ;„ 

1 



(n + l)( . a n " l & 1 = - . 



> exp(n<^ a!& (z/n)) > 1. 



Thus 



log #(K n n < ]T log ^(n + l)Qa«~*j + (9 n - $ n + 1) log(3) 

because 2i + 1 < 3i for i > 1. Therefore, it is sufficient to show that 



i^(^TTF.^ log (C) 



tp ajb {x)dx 
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because lim^oo log(Ve n -^ n +i)/n 2 = 0. By the estimate (11.2.2I ). we have 

1 ^ n ( % | 1 \ 
n^L n + 1 S ^°- 6 ( n + 1 ) 

lim - — 5— r V" log ( \ . }a 

n-S-oo (n + l) 2 Z-J \\i J 



< | iln — ^ ! ! . I </""'// 

< lim 



n->oo n + 1 ^— ' ' V n + 1 

Thus the claim follows because linin^oo i? n /n = inf @ a b and linin^oo = sup & a ,b- 

□ 

Next let us see the following claim: 
Claim 2.2.2. Ifs,t£ R >0 and a, f3 G R with a + (3 / 0, then 

aD tatb + /3D sasb = (a + f3)D i i 

Proof. This is a straightforward calculation. □ 

(2) and (3): First of all, note that deg(D atb \ Co ) = log(6) and deg(D at b\ c ) = log(a). 
Moreover, log(a + bx) > log(a) for all x G R>o- Thus D a j, is nef if and only if a > 1 
and 6 > 1. Further, deg(D^ b ) = (log(ah) + l)/2. Therefore, by the arithmetic Nakai- 
Moishezon's criterion, D a>b is ample if and only if a > 1 and b > 1. 

(6): In this case, a {, = {6}. Moreover, if nb G Z, then 

ll Z ~ n6 |ln9a,6 = ex P(-n*Pa,b(b)) = 1 
by Proposition ll.il Thus the assertion follows from Proposition 11 .31 

(4) and (5): By using (6), in order to see (4) and (5), it is sufficient to show the follow- 
ing: 

(i) D a b is big if a + b > 1. 

(ii) D ajb is pseudo-effective if a + b > 1. 

(iii) D ab is not pseudo-effective if a + b < 1. 

(i) It follows from Claim |2T2~Tl because vol(0 a fe) > 0. 

(ii) We choose a real number t such that t > 1 and D tatb is ample. By Claim [Z2T21 

D a)b + eD ta;tb = (l + e)D tT ^ a ^ b . 

For any e > 0, since t~(a + 6) > 1, (1 + e)D ^ iT ^ b is big by (i), which shows that 
.D aj b is pseudo-effective. 

(iii) Let us choose a positive real number t such that D ta tb is ample. We also choose a 

e e 

positive number e such that if we set a' = af 1 ^ and b' = bt^, then a' + b' < 1. We 
assume that D a >b is pseudo-effective. Then 

D afi + eD tajife = (1 + e)D a ip 



EXPLICIT COMPUTATIONS OF ZARISKI DECOMPOSITIONS ON Pi 



9 



is big by [ 1 , Proposition 6.3.2], which means that D a i^i is big. On the other hand, as a' + 
b' < 1, we have Q a , jV = 0. Thus #°(P^, n~D a >p) = {0} for all n > 1 by Proposition O 
This is a contradiction. 

Finally let us see (1). By Craim l2T2~Tl we may assume that a + b < 1. In this case, D a ^ 
is not big by (4) and @ ajb is either or {&}. Thus the assertion follows. □ 

Remark 2.3. By a straightforward calculation, we can see 

d^(Dl jb ) = [ Va,b(x)dx = (log(afe) + l)/2. 

J[0,1] 

In particular, deg(D^ b ) = vol(D a ^) if and only if D ab is nef. 

Finally let us consider the following proposition: 

Proposition 2.4. For any positive integer n, there exist rational numbers a and b such that 
0<a<L0<6<l, a + b> land that H°{^\, W a ,b) = {0} far I = 1, ... , n. 

Proof. Let us choose rational numbers a' and b' such that 0<a'<l,0<i/<l/n and 
a! + b' = 1. Since (/v,b'(V n ) < 0> we can fi n d a rational number A such that A > 1, 
Xa' < 1, Xb' < 1 and ip a / :b >(l/n) + log(A) < 0. Here we set a = Xa! and b = Xb' . Then 
we have 

&a,b C{xGM|0<x< 1/n} 

because 

Va,6(0) = log(o) < 0, 
<p a ,b{l/n) = ip a ',b'{l/n) +log(A) < 0, 
b/(a + b) = b' < 1/n. 

We assume that H°(F%, lD ab ) / {0} for some I with 1 < I < n. Then, by Proposition ! 1.31 
there is an integer k such that < k < I and ip a ,b(k/l) > 0. Thus k/l 6 @ a ,b, that is, 
< k/l < 1/n, which is a contradiction. □ 

3. ZARISKI DECOMPOSITION OF D a ^ b 

We use the same notation as in Section [TJ In this section, let us consider the Zariski 
decomposition of -D a ,6- 

Theorem 3.1. The Zariski decomposition exists if and only if a + b > 1. Moreover, if we 
set fi^b = inf @a :b , a ,b = sup @a tb , P a ,b = 0a,bC o - $ a ,bCoo and 



A, b logM 2 if\z\ < J b -^fl„ 



/'„./,! '-'J = < -log|z| 2 + log(a|z| 2 + b) if J 

^-^logN 2 if\z\ > a J b -^f 

then the positive part ofD^ b is P a ^ b = (P a ,b,Pa,b)- 

Proof. First we consider the case where D a b is big, that is, a + b > 1 by Theorem 12.21 In 
this case, < $ aj b < a ,b < 1- The existence of the Zariski decomposition follows from 
[I] Theorem 9.2.1]. Here we consider functions 

f .,, /(>(l->»aj,)l „ 

n: 3£C|N< i/^v^r R 



b(l-0q,b) < | | < / b(l-K,b) 
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and 



r 2 : 



z e P X (C) | \z\ > 



lb(l 



7 a,b) 



ad, 



a.b 



given by 

n{z) = 

and 



if\z\< 
-(l-e a , b )log\z\ 2 + log(a\z\ 2 + b) if 



ad,-, 



-(l-tf a , 6 )log|*| 2 + log(a|z| 2 + 6) if 



b(i-e a . b ) 



00, 



a,b 



< z < 



< z < 



6(l-*a,b) 







if Ul > 



b(l-0q,b) 



In order to see that p a j, is a P ai b-Green function of (PSHnC°)-type on P 1 (C), it is suffi- 
cient to check that n and r 2 are continuous and subharmonic on each area. Let us see that 
n is continuous and subharmonic. If 9 a ^ = 1, then the assertion is obvious, so that we 

may assume that 9 a ,b < 1- First of all, note that r\[z) = if \z\ = \ J^^^ -, and hence 
n is continuous. It is obvious that r\ is subharmonic on 



z < 




U < z E 



&(1 " 6 a ,b) 



aO a , 



< \z\ < 



Note that 



log(ax + b) - (1 - 6 aJb ) \og{x) > (Vx > 0) 



and the equality holds if and only if x 



-. Thus n > 0. Therefore, if Id 



&(l-0q,i,) 
0.6 a ,b 



, then 



l 

o < — 

~ 2vr 



2tt 



ri(z + ee^ 



-if 



for a small positive real number e, and hence 7*1 is subharmonic. In a similar way, we can 
check that r 2 is continuous and subharmonic. 

Next let us see that P ab is nef. As ri(0) = and r2(oo) = 0, we have 



deg(P, 



a.b 



C ' 



deg(P a ,, 



0. 



Note that 
and 



Pa,b - Qa,b(z) = ((da,b ~ tia^CocPa^z) + 6 aib log\z\ 2 ) 



Pa,b{z) + a>b \og \z\ 



r\ if \z\ < 

%,b - $a,b) log \z\ 2 if\z\> 



a-ff„ 



Therefore, p a ,b(z)+9 a ,b log \z\ 2 > on P^C), which means that P a ,b—9a,b(z) is effective. 
Let C be a 1-dimensional closed integral subscheme of P| with C 7^ Co, C^. Then 

deg(P a ,b| c ) = deg(((0 Oi6 - fi a ,b)Coo,Pa,b + ^tdog \z\ 2 )\ c ) > 0. 

Let us choose a positive number m such that H°(F\, mD ajb ) / {0}. By using Propo- 
sition ll.3[ we have jnc (mf n ^) = m — rn9 a>b and /j^ (mD a b ) = m&aj, because 

uc {nmDa tb ) = nm- [nm9 ajb \ and vc^inmD^b) = \nm& a ,b] 
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(for the definitions of v and \x, see H] SubSection 6.5]). Thus the positive part of D a ^ 
can be written by a form {P a .b,q), where q is a P a i,-Green function of (PSH nC°)-type on 
P X (C) (cf. [1, Claim 9.3.5.1 and Proposition 9.3.1]). Note that P a>b isnef andP a , 6 < D ajb , 
so that 

Pa,b( z ) ^ l( z ) < - log \z\ 2 + log(a|z| 2 + b). 
We choose a continuous function u such that p a ^ + u = q. Then u(z) = on 



l b(l-9 a>b ) < < / 6(l-^q, 6 ) 



Moreover, since g(z) = — # a ;,log |z| 2 + on |z| < ■> / - ^ g^' 6 ^ , u is subharmonic on 



N < y b(1 a e e a a b b) ■ 0n the other hand ' n (°) = because 

d^((P , 6! g)| Co ) = «(0) = 



Therefore, u = on \z\ < \j a / a by the maximal principle. In a similar way, we can 



see that u = on \z\ > v 

Next we consider the case where a + b = 1. As log is a concave function, 

(1 - 6) log |z| 2 < log((l - b)\z\ 2 + b) 

on P 1 (C). Thus b{z) < D a ^, and hence the Zariski decomposition of D a ^ exists by HI 
Theorem 9.2.1]. Let P be the positive part of D a b . Then b(z) < P. 

Let us consider the converse inequality. Let t be a real number with t > 1. Since P < 
Ai,b < Aa,t&, we have P < P ta>tb because P ta ,tb is the positive part of D tCLytb by the pre- 
vious observation. Since ip tajtb = Lp ayb +\og(t), we have lim^i & t a,tb = lim^-n 0ta,tf> = b. 
Therefore, we can see 

\\mPtatb = Pa.b = b{z). 

t— >1 

Thus P < b(z). 

Finally we consider the case where a+b < 1. Then, by Theorem l2.2l D ab is not pseudo- 
effective. Thus the Zariski decomposition does not exist by (U Proposition 9.3.2]. □ 
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